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Abstract—Thermal simulation is increasingly critical in mod-
ern IC design and manufacturing. Random walk methods based
on the Feynman–Kac formula enable efficient local temperature
estimation without computing the full temperature field. However,
in practical scenarios without Dirichlet boundary conditions,
these methods often require excessively long paths and heuristic
truncation rules. In this work, we revisit Feynman–Kac sampling
and derive an exact characterization of the truncation error:
the expected residual contribution is a simple scalar multiple of
the temperature at the truncation point. This insight leads to
FastRW, a random-walk framework that safely applies aggres-
sive truncation. FastRW uses a cheap, noisy prior temperature
field to approximate the residual term and shorten individual
paths, and further exploits cross-relations among query points
through a Bayesian posterior update to reduce the number
of required walks. Experiments on 3DIC steady-state thermal
benchmarks show that FastRW achieves over 6× speedup over
prior Feynman–Kac-based methods with better accuracy.

I. INTRODUCTION

Heterogeneous integration technologies such as 3D inte-
grated circuits (3D-ICs) are essential for continued system-
level scaling in advanced microelectronics [1]. However, the
resulting increase in power density aggravates thermal issues,
leading to performance degradation and reduced lifetime [2].
Steady-state heat conduction is governed by computationally
expensive partial differential equations, and design-space ex-
ploration may require thousands of thermal simulations to
evaluate different power maps and packaging options [3]–[5].

In many design tasks, engineers only need the temperatures
at a small set of critical locations (e.g., hotspots), rather than
the full temperature field [6]. Random-walk methods address
this need by estimating temperatures at queried points through
Monte Carlo simulation of stochastic particle paths. They
parallelize naturally and have been successfully applied to
thermal and other EDA problems under Dirichlet boundary
conditions [7]–[9]. For mixed Neumann and Robin boundaries,
Feynman–Kac-based formulations provide a principled way
to handle boundary contributions by accumulating local time
and weighting them with an exponential functional, as in
[10]–[13]. While accurate, these methods often require very
long paths in practical scenarios without Dirichlet boundaries,
where path termination relies solely on driving the Feynman–
Kac functional below a small heuristic threshold, with no
quantitative control of truncation error [14].
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We consider steady-state 3D thermal conduction in a domain
Ω ⊂ R3 governed by a Poisson equation with mixed boundary
conditions and focus on efficiently estimating temperatures at
a set of query locations {xq} ⊂ Ω. Let Xt denote a standard
reflecting Brownian motion (SRBM) in Ω, which is reflected
at Neumann and Robin boundaries and absorbed at Dirichlet
boundaries. The temperature field admits the Feynman–Kac
representation [15]

T (x) = E
[ ∫ ∞

0

êc(t) f(Xt) dt+B(Xt, L(t))
]
, (1)

where êc(t) = exp(−
∫ t

0
c(Xs) dL(s)) is an exponential

weight, f denotes the source term, L(t) is the local time accu-
mulated at Neumann and Robin boundaries, and B(Xt, L(t))
compactly collects Dirichlet, Neumann, and Robin boundary
contributions as in [11]–[13]. In practice, the infinite-time
integrals in Equation (1) must be truncated, and the main
challenge in the no-Dirichlet case is to control the error
introduced by truncation.

In this work, we revisit Feynman–Kac-based random walks
from the perspective of truncation error. Our contributions are:

• We provide a quantitative analysis of the truncation error
in Feynman–Kac-based thermal estimation and show that
the expected residual contribution is exactly a scalar
multiple of the temperature at the truncation point.

• Based on this insight, we propose FastRW, a random-
walk framework that safely applies aggressive truncation
by combining a cheap, noisy prior with multi-point pos-
terior fusion.

• Experiments on realistic 3D chip thermal benchmarks
demonstrate that FastRW achieves over 6× over-
all speedup compared with prior Feynman–Kac-based
random-walk solvers, without loss of accuracy.

II. TRUNCATION ERROR ANALYSIS

We focus on the practically important case without Dirich-
let boundaries, where path termination in the Feynman–Kac
representation Equation (1) is solely controlled by a threshold
on the functional êc(t). For a given threshold Λ ∈ (0, 1), let

tΛ ≜ inf{t ≥ 0 : êc(t) ≤ Λ} (2)

be the first time the functional drops below Λ, and denote
by XtΛ the truncation location. For a single random-walk
path starting from x, we write the corresponding Monte Carlo
estimate as

Ti(x) = P tΛ
0 + P∞

tΛ , (3)



where P tΛ
0 collects the contribution from the interval [0, tΛ]

and P∞
tΛ is the residual contribution from (tΛ,∞). If the path

is truncated at tΛ, then P∞
tΛ is exactly the truncation error for

this realization.
Our key observation is that the expected truncation error

admits a simple closed-form expression. Conditioning on the
truncation state XtΛ and using the Markov property of the
reflecting Brownian motion, the future evolution after tΛ is
statistically identical to a new path started from XtΛ with the
Feynman–Kac functional initialized at êc(tΛ) [15]. Therefore
the residual contribution satisfies

E
[
P∞
tΛ

∣∣XtΛ

]
= êc(tΛ)T (XtΛ) = ΛT (XtΛ), (4)

and hence E[P∞
tΛ ] = ΛE[T (XtΛ)]. The identity in Equation (4)

is the central theoretical insight underlying FastRW.
An intuitive interpretation of Equation (4) is that the residual

integral P∞
tΛ behaves as if a virtual Dirichlet boundary with

temperature T (XtΛ) were imposed at the truncation point.
In contrast to heuristic choices of Λ in prior work, this
identity shows that the expected truncation error scales linearly
with both Λ and the temperature at the truncation location.
Consequently, if a coarse prior T̃ ≈ T is available at XtΛ ,
we can approximate the residual using Λ T̃ (XtΛ) and safely
employ much larger thresholds, which forms the basis of our
FastRW framework in Section III.

III. FASTRW: ALGORITHM AND RESULTS

A. Algorithm Overview

Building on the truncation error characterization in Sec-
tion II, FastRW consists of two components: single-point
acceleration using a prior temperature field and multi-point
acceleration using posterior fusion.
Single-point with priors. For a single query location x,
conventional Feynman–Kac-based solvers terminate a path at
time t when êc(t) ≤ Λ and use the partial integral P t

0 as the
path contribution. In contrast, FastRW assumes a coarse prior

T̃ (x) = T (x) + ϵ, x ∈ Ωs, (5)

available in a subdomain Ωs ⊆ Ω (e.g., from a low-resolution
FEM run). Whenever a path is truncated at time t inside Ωs,
we augment the contribution as

Ti(x) = P t
0 + êc(t) T̃ (Xt). (6)

Using the identity in Equation (4), the expected truncation er-
ror is reduced from êc(t)T (Xt) to êc(t) ϵ. Since the prior error
ϵ is typically much smaller than the temperature scale, this
reduction allows FastRW to use a larger truncation threshold
Λ while keeping the truncation error within the same tolerance,
thereby shortening path lengths and reducing variance.
Multi-point with posterior fusion. When multiple query
locations {xq}Mq=1 are of interest, standard approaches estimate
each T (xq) using only paths originating from xq . However, a
path that starts at x and reaches y at time t also encodes a linear
relation between the two temperatures: the partial integral P t

0

can be viewed as a noisy observation of T (x) − αT (y) with

TABLE I Representative single-point results comparing PIRW
and FastRW.

Case Method Error (K) Steps Paths Speedup

1 PIRW 0.38 5.79e6 1000 1.0×
FastRW 0.36 2.20e6 400 6.58×

2 PIRW 0.43 5.83e6 1000 1.0×
FastRW 0.42 2.22e6 400 6.57×

3 PIRW 0.38 1.03e7 1000 1.0×
FastRW 0.32 3.93e6 400 6.55×

weight α = êc(t). FastRW records such cross-point obser-
vations whenever a path starting from one query point visits
another, stacks them into a collection of linear measurements,
and fuses them with the single-point Monte Carlo estimates
via a Gaussian prior and a linear-Gaussian posterior update.
Intuitively, shared paths provide additional constraints across
query points, increasing the effective number of samples per
point without simulating extra paths.

B. Experimental Results and Conclusion

We evaluate FastRW on standard 3D steady-state chip
thermal benchmarks following the setups in [11]–[13]. The
test structure is a 2 cm× 2 cm three-layer stack with a middle
heat-source layer sandwiched between two source-free layers
(heat spreader and substrate) [11]. Robin boundary conditions
are imposed on the top and bottom surfaces, and lateral sur-
faces are modeled as adiabatic Neumann boundaries. Golden
references are obtained from a commercial FEM solver with
fine discretization, whereas coarse FEM runs provide priors.

Our main baseline is PIRW [11], a Feynman–Kac-based
solver that truncates paths using a small threshold Λ = 10−4.
In FastRW, we keep all Feynman–Kac parameters identical
but use a much larger threshold Λ = 0.03 enabled by the
truncation error analysis and priors. TABLE I reports three
representative cases from the full benchmark suite. In all cases,
both methods achieve sub-kelvin absolute error, but FastRW
consistently shortens paths and reduces the number of required
walks, yielding an overall speedup of over 6×; for example,
in Case 1 the runtime improvement is 6.58×.

We also examine the benefit of posterior fusion in multi-
point settings. For a representative 3D stack, we uniformly
select 16 query locations in the heat-source region and apply
FastRW with a fixed number of paths per point. As random
walks more frequently visit other query locations, the posterior
fusion reduces the empirical standard deviation from 0.446 to
0.281, corresponding to an effective 2.5× increase in sample
size per point at the same random-walk cost. The extra runtime
of the posterior stage remains modest: even for all 16 points
fused together, the combined overhead of prior and posterior
computation is below 6% of the random-walk time.

In summary, FastRW accelerates steady-state thermal anal-
ysis by combining an exact characterization of Feynman–Kac
truncation error with coarse prior estimation and multi-point
posterior fusion.
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